Introduction.
A classical result about composition in Sobolev spaces asserts that if u ∈ W k,p (Ω)∩L ∞ (Ω) and Φ ∈ C k (R), then Φ•u ∈ W k,p (Ω).
Here Ω denotes a smooth bounded domain in R N , k ≥ 1 is an integer and 1 ≤ p < ∞. This result was first proved in [13] with the help of the Gagliardo-Nirenberg inequality [14] . In particular if u ∈ W k,p (Ω) with kp > N and Φ ∈ C k (R) then Φ • u ∈ W k,p since W k,p ⊂ L ∞ by the Sobolev embedding theorem. When kp = N the situation is more delicate since W k,p is not contained in L ∞ . However the following result still holds (see [2] , [3] ) Theorem 1. Assume u ∈ W k,p (Ω) where k ≥ 1 is an integer, 1 ≤ p < ∞, and
Let
Then
The proof is based on the following
Proof of Theorem 1. Since u ∈ W k,p we have
by the Sobolev embedding with
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Applying assumption (1) we find q = N = kp and thus u ∈ W 1,kp . We deduce from
1,kp by the Gagliardo -Nirenberg inequality [14] . Thus, Lemma 1 is a generalization of the standard result about composition. In fact, it is proved exactly in the same way as in the standard case (when u ∈ W k,p ∩ L ∞ ). When k = 2 the conclusion is trivial.
Assume, for example that, k = 3, then
by the Gagliardo -Nirenberg inequality. Then
and thus Φ • u ∈ W 3,p since
A simular argument holds for any k ≥ 4.
Starting in the mid-60's a number of authors considered composition in various classes of "Sobolev spaces" W s,p , where s > 0 is a real number and 1 ≤ p < ∞. The most commonly used are the Bessel potential spaces 
Proof of Theorem 2. By the Sobolev embedding theorem we have
with r < s and
In view of assumption (3) we find
In particular,
for all σ ∈ (0, 1) with 
There is a very useful characterization of W s,p in terms of finite differences (see Triebel [20] , p.110). Here it is more convenient to work with functions defined on all of R N and to consider their restrictions to Ω. Set
Proof of Lemma 2. It suffices to consider the case where s is not an integer. For simplicity we treat just the case where 1 < s < 2. The same argument extends to general s > 2, s noninteger, using the same type of computations as in Escobedo [10] .
The key observation is that δ 2 h (Φ • u) can be expressed in terms of δ 2 h u and δ h u. This is the purpose of our next computation.
and since Φ ∈ L ∞ (R) we also have
Combining (6) and (7) we find
for any 1 ≤ a ≤ 2 ( we will choose a specific value of a later) Similarly
This yields
The first integral on the right-hand side of (9) is finite since u ∈ W s,p . To handle the second integral we argue as follows. From the assumption u ∈ W s,p ∩ W σ,q with σ ∈ (0, 1) and q given by (5) we know that
From (10) and Hölder's inequality we derive that
for all r ∈ [p, q], i.e., u ∈ W τ,r with τ = sp/r. We now choose a = min{2, s/σ}, so that a ∈ [1, 2] and r = ap ∈ [p, q]. It follows that
which is the desired in equality.
Remark 3. There could be another natural proof of Theorem 2 by induction on [s] . One might attempt to prove that 
